We study the stimulated Raman scattering ͑SRS͒ of light from an atomic system embedded in a photonic crystal and coherently pumped by a laser field. In our study, the electromagnetic field is treated classically and the atomic system is described quantum mechanically. Considering a decomposition of the pump and Stokes fields into the Bloch modes of the photonic crystals and using a multiscale analysis, we derive the MaxwellBloch equations for SRS in photonic crystals. These equations contain effective parameters that characterize the SRS gain, the nonlinear atomic response to the electromagnetic field, and the group velocity and that can be calculated in terms of the Bloch modes of the unperturbed photonic crystal. We show that if the pump laser frequency is tuned near a photonic band edge and the atomic system is carefully chosen such that the Stokes mode matches another photonic band edge, low-threshold, enhanced Raman amplification is possible. Possible physical realizations of SRS in photonic crystals are also discussed.
I. INTRODUCTION
Photonic crystals are periodic dielectric materials in which light propagation can be prohibited over a certain range of frequencies, known as the photonic band gap. The possibility of achieving photon localization ͓1͔ and photonic band gaps ͓2,3͔ in photonic crystals has motivated new research directions, and novel applications meant to improve the performances of optoelectronic and microwave devices have been considered. These applications include low threshold, high efficiency microlasers ͓4-8͔, ultrafast all-optical switches ͓9,10͔, or all-optical microtransistors ͓11͔.
A promising application of the photonic crystals is in the field of Raman spectroscopy. One of the most efficient Raman spectroscopic techniques is based on the strongly surface-enhanced Raman scattering effect ͑SERS͒ ͓12͔ achieved in metallodielectric structures. In this case, the enhancement of the Raman scattering rate and, implicitly, of the Raman signal, is facilitated by the strong local enhancement of the electromagnetic field. Similarly, the possibility to engineer the photonic density of states and the photonic mode structure in a desired fashion in photonic crystals is expected to strongly modify the Raman scattering of light from active elements embedded in these structures. For instance, near a photonic band edge, spontaneous Raman scattering is expected ͓13,14͔ to be strongly enhanced and to possess unusual spectral properties, as a result of the enhancement and rapid variation as a function of frequency of the photonic density of states. The Raman signal enhancement could be of relevance in molecular spectroscopy, and purely dielectric photonic crystals may constitute a better alternative to the conventional metallic systems, which present high losses at optical frequencies.
The process of Raman scattering in photonic crystals has attracted increasing interest recently. Previous theoretical studies have addressed the problem of spontaneous Raman scattering ͓13,14͔, or considered the stimulated Raman scattering ͑SRS͒ in one-dimensional photonic crystals ͓15͔. Specifically, a quantum theory of resonance Raman scattering of light from an atomic system embedded in a photonic bandgap material has been developed ͓13͔. This theory enables the investigation of the intensity of the spontaneous Raman scattering signal as well as its spectral properties. Moreover, an analysis of the effect of the photonic density of states on spontaneous Raman scattering rate in photonic crystals has been presented in Ref. ͓14͔ .
The problem of SRS in photonic crystals has been previously addressed for the case of one-dimensional photonic crystals. In this case, numerical simulations of SRS of a femtosecond pulse ͓15,16͔ have shown that the SRS conversion is more efficient when the Stokes frequency lies on the photonic band gap edge. In this paper we address the process of SRS in one-and two-dimensional photonic crystals. We derive the generalized semiclassical Maxwell-Bloch equations for SRS in photonic crystals and further employ this formalism to investigate the SRS characteristics. Our effective model has the advantage of allowing for a detailed investigation of the SRS problem without having to numerically solve the nonlinear problem. Central to the discussion presented here are the photonic band structure of the underlying photonic crystal and the redistribution and enhancement of the field energy in the associated Bloch modes. We demonstrate that a low-threshold, enhanced SRS process is possible if both the pump field frequency and Stokes transition frequency are near two photonic band edges, as a result of strong enhancement of both pump and Stokes fields, and low group velocities at these frequencies ͓16͔.
In Sec. II we present the general semiclassical equations for SRS and derive the effective Maxwell-Bloch equations for SRS in photonic crystals. In Sec. III we investigate the effect of the photonic crystals on the SRS threshold and Raman signal and present a possible practical realization of SRS in photonic crystals. In Sec. IV we discuss the results and possible generalizations of the model developed here.
II. SEMICLASSICAL EQUATIONS FOR STIMULATED RAMAN SCATTERING
In this section we review the general equations describing the process of stimulated Raman scattering. Then, using a multiple scale analysis, we derive the generalized semiclassical Maxwell-Bloch equations for stimulated Raman scattering in photonic crystals.
A. Model
We consider a periodic dielectric medium doped with resonant three-level atoms in ⌳ configuration ͑presented in Fig. 1͒ acting as a Raman medium. Let ͉1͘ denote the atomic ground level and let ͉2͘ and ͉3͘ denote the two excited levels. A pump laser field with frequency L , driving the transition between levels ͉1͘ and ͉3͘, propagates through the medium and is scattered by the resonant atoms to produce photons at the Stokes frequency S = L − 21 , where ប 21 is the energy of the final state ͉2͘ above the ground state ͉1͘. There are no direct allowed dipolar transitions between levels ͉1͘ and ͉2͘. Further, this three-level model can be exactly reduced to a two-level model by the use of an effective Raman theory ͓17,18͔, in which level ͉3͘ is adiabatically eliminated. In this case, the two atomic levels ͉1͘ and ͉2͘ are coupled through an effective coupling constant ͑depending on the dipolecoupling constants between levels ͉1͘ and ͉3͘, and ͉2͘ and ͉3͘, respectively͒, and the effective two-level Raman interaction Hamiltonian describing the interaction between the pump and Stokes radiation modes and the atomic system has the usual Jaynes-Cummings form ͓19͔, in which the single-mode field operators are replaced by products of an annihilation operator of one mode and the creation operator of the other:
Here, a s † and a s represent the Stokes field creation and annihilation operators, a L † and a L are the laser field creation and annihilation operators, and ij = ͉i͗͘j͉ ͑i , j =1,2,i j͒ are the atomic transition operators from level ͉j͘ to level ͉i͘. Due to the simplicity of this effective two-level model, leading to a reduced system of equations describing the dynamics of the system, we will employ it to the derivation of an effective semiclassical model of SRS in photonic crystals.
In the present study, we assume that the laser fields are strong enough such that they can be treated classically. In this case, the coupled atom-field system is described by the semiclassical Maxwell-Bloch equations. Also, we assume that in a one-dimensional ͑1D͒ photonic crystal electromagnetic waves propagate perpendicular to the dielectric layers of the photonic crystals, whereas in the two-dimensional ͑2D͒ case we assume that the electromagnetic wave propagates in the plane of periodicity with the electric field polarized perpendicular to this plane ͑TM modes͒. Thus the electromagnetic field propagation through the nonlinear medium is described by a scalar wave equation. The wave equation for the Stokes field E s ͑x , t͒ reads ͓17͔:
where ⑀͑x͒ is the periodic dielectric function and E L ͑x , t͒ is the pump laser field. The collective nonlinear polarization density of the medium due to the presence of resonant threelevel atoms, P 12 ͑x , t͒, is associated with the coherence between levels ͉1͘ and ͉2͘ ͓17͔ and will be defined below. The atom-field coupling constant is given by ͓17͔ Ϸ d 13 d 23 / ប 2 ⌬, where d 13 and d 23 are the dipole moments of the allowed atomic transitions ͉3͘ → ͉1͘ and ͉3͘ → ͉2͘, respectively, and ⌬ = 31 − L is the detuning between the atomic transition frequency and the laser pump frequency ͑ 31 is the frequency separation between levels ͉3͘ and ͉1͒͘. Here, we neglect the depletion of the laser fields due to the absorption by the nonresonant atoms or other material losses. The pump laser field E L ͑x , t͒ obeys a wave equation similar equation to Eq. ͑2.1͒, in which P 21 ͑x , t͒ is replaced by P 21 * ͑x , t͒. The collective polarization P 21 ͑x , t͒ is defined in terms of single-atom polarizations, P a ͑t͒, as
͑2.2͒
Here, the summation is over the Raman atoms, embedded in the photonic crystal at position x a , P͑x , t͒ denotes the atomic polarization density at position x, and the weight function n͑x͒ characterizes the distribution of Raman-active material within the photonic crystal ͓n͑x͒ = 1 for a uniform distribution of the Raman atoms͔.
The atomic Bloch equations describing the response of the atomic medium to the electromagnetic field follow from the Heisenberg equation of motion for the atomic density operator, = ͚ i,j ij ͉i͗͘j͉, which has the form iប‫ץ‬ / ‫ץ‬t = ͓H , ͔ + ‫ץ͑‬ / ‫ץ‬t͒ d . Here, H is the Hamiltonian of the system, and ‫ץ͑‬ / ‫ץ‬t͒ d describes the damping processes, such as radiative and nonradiative spontaneous emission and other dephasing effects. Using the effective two-level Raman model for the three-level atom in ⌳ configuration, we arrive at the follow-FIG. 1. Three-level system in ⌳ configuration coupled by a pump laser field of frequency L and a Stokes laser field of frequency s . Continuous arrows denote the dipole allowed transitions, and the dashed arrows denote the decay processes. ⌬ is the detuning between the pump laser frequency and the atomic transition frequency between levels ͉3͘ and ͉1͘, and ⌫ is the relaxation rate.
ing atomic Bloch equations for the atomic polarization P a ͑t͒ϵ 21 and atomic population inversion ⌬N a ϵ 22 − 11 between the final state ͉2͘ and the ground state ͉1͘ ͓17͔:
Here, the damping effects have been included phenomenologically through the relaxation rates ␥ ͑describing the collision dephasing of the dipole moment͒ and ⌫ ͑describing the relaxation of the atomic levels͒. The second term on the right-hand side of Eq. ͑2.4͒ describes the rate of adding atoms into the interaction region.
B. Semiclassical Maxwell-Bloch equations for SRS in photonic crystals
In what follows, we will derive the semiclassical equations for SRS in photonic crystals by performing a multiscale analysis ͓20,21͔ of the Maxwell-Bloch Eqs. ͑2.1͒-͑2.4͒. This analysis is analogous to the slowly varying envelope approximation employed in the case of conventional stimulated Raman scattering ͓17͔, and has been successfully applied to investigate various nonlinear phenomena in photonic crystals ͓22,7͔.
We first note that the nonlinear term on the righthand side of the wave Eq. ͑2.1͒ can be rewritten as
is the Rabi frequency of the pump field ͑usually of the same order of magnitude as ⌬͒. For usual densities of resonant atoms and in the linear regime, d 32 P͑x , t͒ӍE͑x , t͒, the optical susceptibility is of the order of 10 −8 ͓23͔. As a result, the nonlinear term in wave Eq. ͑2.1͒ has a much smaller contribution than the remaining terms describing the free evolution of the electromagnetic field. This fact is taken into account in our formalism by introducing a small perturbation parameter Ϸ Ϸ 10 −8 into the wave Eq. ͑2.1͒, and rewriting it as
͑2.5͒
Here we have also used the expression ͑2.2͒ for the nonlinear collective atomic polarization P 21 ͑x , t͒ entering the wave Eq. ͑2.1͒.
On the other hand, the atomic relaxation rates ⌫ and ␥ ͑corresponding to nanoseconds time scale͒ are much smaller than the optical frequency by a factor of 10 7 or more ͑ Ϸ1/͒. Also, the driving terms ͑the terms containing the electric fields͒ in the Bloch Eqs. ͑2.3͒ and ͑2.4͒ can be rewritten as ͑⍀ L ⍀ s / ⌬͒⌬N a and ͑⍀ L ⍀ s / ⌬͒P a , respectively, where the Rabi frequencies of the Stokes and pump fields,
than the optical frequency ͑by more than six orders of magnitude, for a system operation below the saturation regime ͓7͔͒. As a result, the terms describing the relaxation processes as well as the driving terms have much smaller contributions than the remaining terms in the Bloch Eqs. ͑2.3͒ and ͑2.4͒,
Consequently, we introduce the perturbation parameter also into Eqs. ͑2.3͒ and ͑2.4͒ and rewrite them for the atomic polarization and population inversion densities, P͑x , t͒ and N͑x , t͒, as
These equations have been obtained from Eqs. ͑2.3͒ and ͑2.4͒ after multiplying them by ␦͑x − x a ͒ and summing over the atoms and are valid only for the positions x within the sample where there are atoms. In Eq. ͑2.9͒, N is the number of Raman atoms in the system. The multiple-scale analysis ͓20͔ is based on the separation of the fast variations from slow variations in space and time in the electromagnetic field and atomic variables. To this end, the space and time variables, x and t, are replaced by a set of independent variables, x n ϵ n x and t n ϵ n t, respectively, where the fastest spatial scale, x 0 , corresponds to the wavelength of electromagnetic waves propagating in the photonic crystal, and the fastest temporal scale, t 0 , corresponds the optical period 2 / . The spatial and time derivatives can be calculated in terms of these variables as
where q = x , t. Also, we consider perturbational expansions of the electromagnetic fields E L ͑x , t͒ and E s ͑x , t͒ and atomic variables P͑x , t͒ and ⌬N͑x , t͒ of the form
In our study we consider that while both the electromagnetic fields E ͑n͒ = E ͑n͒ ͑x 0 , x 1 , ... ;t 0 , t 1 , ...͒ and atomic polarization P ͑n͒ = P ͑n͒ ͑x 0 , x 1 , ... ;t 0 , t 1 , ...͒ vary on all spatial and temporal scales, the atomic inversion ⌬N does not vary on the fastest temporal scale t 0 , ⌬N ͑n͒ = ⌬N ͑n͒ ͑x 0 , x 1 , ... ;t 1 , t 2 , ...͒, as the atomic transitions occur on a much smaller time scale ͑of the order of nanoseconds͒, compared with the optical time scale ͓23͔. Also, we assume that the periodic dielectric function ⑀͑x͒ = ⑀͑x 0 ͒ and the atomic distribution function n͑x͒ = n͑x 0 ͒ vary only on the smallest length scale x 0 . Introducing into the Eqs. ͑2.5͒, ͑2.8͒, and ͑2.9͒ the expansions of the form ͑2.11͒ of various atomic and field functions, together with the expansions of the time and space derivatives calculated according to Eq. ͑2.10͒, we generate a set of equations, corresponding to various powers of the expansion parameter . On the fastest scale ͑zeroth order in ͒, we obtain:
while on the slow scale ͑first order in ͒, we have
͑2.16͒
Next, we consider a decomposition of E ͑n͒ and P ͑n͒ into the eigenfunctions ͕⌽ m ͑x 0 ͖͒ of the photonic crystal, which are the solutions of the homogeneous wave equation
where m are the associated eigenfrequencies. ͕⌽ m ͑x 0 ͖͒ satisfy the orthogonality relations
͑2.18͒
where the integral is over the unit cell of the photonic crystal. In the present study we assume that only one mode in the expansion of the electromagnetic zeroth-order field contributions is dominant, 
͑2.25͒
This is exactly the frequency down-conversion condition for the Raman Stokes effect. In order to obtain the equations of motion for the envelope functions E s and P, we insert expansions ͑2.19͒-͑2.24͒ into the first-order Eqs. ͑2.14͒-͑2.16͒, use the frequency resonance condition ͑2.25͒, project the resulting system of equations onto the subspace spanned by the Stokes field dominant mode ⌽ m , use the orthogonality condition ͑2.18͒ and that Eqs. ͑2.15͒ and ͑2.16͒ are only valid at the position where there is a nonzero atom distribution. We obtain: Here, we have truncated the multiscale hierarchy on the scale of x 1 and t 1 , and used the notation x ϵ x 1 and t ϵ t 1 . Eqs. ͑2.26͒-͑2.28͒ represent the effective semiclassical equations for stimulated Raman scattering in photonic crystals. They describe the coupling between the atomic medium and electromagnetic fields in photonic crystals, and from their solutions the spatial and temporal characteristics of the Stokes field can be obtained. We note that these equations are similar to those for stimulated Raman scattering in free space ͓17͔. Additionally, they contain effective parameters related to the linear properties of the underlying photonic crystal, v m , ␣ mn , and ␤ mn , with well-defined physical meaning. v m in Eq. ͑2.26͒ for the field envelope function represents the group velocity of a pulse with carrier wave ⌽ m ͑x 0 ͒ ͓21,24,25͔ and is defined by
The effective Raman gain parameter ␣ mn and nonlinear coupling parameter ␤ mn in Eqs. ͑2.26͒ and ͑2.28͒ are defined by
respectively. We have phenomenologically introduced into the field-propagation Eq. ͑2.26͒ a cavity-loss rate, ␥ m , related to the finite-size effects in photonic crystals. It has been suggested ͓26͔ that a finite photonic crystal can be regarded as a Fabry-Perot resonator, whose cavity-leakage rate ␥ m depends on the group velocity.
The effective atomic population inversion, ⌬N ͑x , t͒, is defined by
͑2.32͒
From these definitions, it is clear that the redistribution and enhancement of the field energy in the Bloch modes of both the pump laser field and Stokes field and their simultaneous overlap with the distribution of Raman-active atoms in photonic crystals may lead to a strong enhancement of the Raman gain and of the atomic nonlinear response. Also, near a photonic band edge, the cavity-leakage rate ␥ m is proportional to ͉q · v m ͉ ͑where q is the propagation direction͒ ͓26͔ and may be dramatically reduced due to the decrease of the group velocity in this frequency region ͓6͔. We note that Eqs. ͑2.26͒-͑2.28͒ reduce to the semiclassical equations for stimulated Raman scattering in a homogeneous material when the dielectric function is constant and the carrier waves ͕⌽ m ͑x͖͒ m are plane waves.
III. CHARACTERISTICS OF STIMULATED RAMAN SCATTERING IN PHOTONIC CRYSTALS
In this section we apply the formalism developed in Sec. II to investigate the effect of the photonic crystal on the SRS FIG. 2 . ͑Color online͒ The TM photonic band structure of a 2D photonic crystal consisting of a square array of dielectric ͑⑀ =12͒ cylinders with radius r = 0.4a ͑where a is the lattice constant͒ in air ͑⑀ =1͒ .   FIG. 3 . ͑Color online͒ The group velocity for the lowest bands of the TM photonic band structure of the 2D photonic crystal presented in Fig. 2. threshold and Raman signal, and present a possible practical realization of SRS in photonic crystals.
A. SRS threshold and efficiency
We will now discuss the effect of the photonic crystal on the threshold and the efficiency of stimulated Raman amplification. This discussion is facilitated by the presence in the effective semiclassical SRS Eqs. ͑2.26͒-͑2.28͒ of the photonic-crystal related effective parameters v m , ␣ mn , and ␤ mn . We consider a steady-state regime and set the timederivatives in Eqs. ͑2.26͒-͑2.28͒ equal to zero. In this case, the steady-state nonlinear polarization P͑x , t͒ can be expressed as
Here we have defined the Stokes and pump Rabi frequencies 
is the nonlinear gain coefficient for SRS in photonic crystals. We notice that it depends on both the effective gain and nonlinear coupling parameters, ␣ mn and ␤ mn , and an enhancement of ␣ mn will directly lead to enhanced Raman gain. Similarly, the equation for the pump modes propagating in the photonic crystal may be generally written as
Here the intensity of the pump field is defined as I L ͑x͒ ϵ͉E L ͑x͉͒ 2 , and the decay rate ␥ n is associated with material losses ͑absorption of the pump laser field by nonresonant atoms͒. In order to determine the threshold pump intensity necessary for amplification of the Stokes field, we assume that there is no nonlinear depletion of the pump field ͓described by the second term within the brackets on the right-hand side of Eq. ͑3.4͔͒. This assumption is justified for the values of the optical fields used in most of the experimental situations ͓27͔. Further, we consider that the material losses are negligible for the frequency range of interest. Thus, within a leading approximation, the pump intensity is assumed to be nearly constant throughout the photonic crystal sample: I L ͑x͒ϷI Lo , where I Lo is the incident pump intensity.
For small values of the Stokes and pump fields ͑below saturation regime͒ such that ␥⌬, ⌫⌬ ӷ ͉⍀ L ͉ 2 ӷ ͉⍀ s ͉ 2 , the term 4␤ nm ͉⍀ s ͑x͉͒ 2 ͉⍀ L ͑x͉͒ 2 / ⌬ 2 ⌫␥ in the expression ͑3.3͒ of the gain coefficient can be neglected. From propagation Eq. ͑3.2͒ it follows that in this case the Stokes field envelope grows exponentially within the sample if
where
is the unsaturated SRS gain coefficient. Condition ͑3.5͒ represents the definition of the threshold for stimulated Raman scattering in photonic crystals. From Eqs. ͑3.5͒ and ͑3.6͒, the threshold intensity I thr for SRS in photonic crystals can be expressed as
͑3.7͒
Here I o ϵ͑␥ /2 2 m N͒͑␥ o / ␣ 0 ͒ is the SRS threshold pump intensity in a uniform material ͑free space͒, and ␥ m ϵ ␥ m / ␥ 0 and ␣ mn ϵ ␣ mn / ␣ 0 are the loss and gain parameters, scalded to their free-space values, ␥ 0 and ␣ 0 , respectively. ␣ mn Ͼ 1 will express SRS gain enhancement in photonic crystals relative to free space.
The effect of the photonic crystal on the threshold pump intensity for stimulated Raman scattering is now evident from Eq. ͑3.7͒. We can see that redistribution and enhancement of the field energy of both pump and Stokes modes in photonic crystals, leading to gain enhancement, together with alterations in the group velocity of the electromagnetic modes near a photonic band edge, leading to a dramatic decrease of the cavity decay rate ␥ m , may result in a substantial decrease of the SRS pump threshold in photonic crystals.
We now analyze the generated Stokes field, and, for simplicity, consider the saturation regime. For sufficiently large values of the pump and Stokes fields, the exponential spatial growth of the Stokes field saturates. The saturation regime corresponds to setting the spatial derivatives in propagation Eq. ͑3.2͒ equal to zero. Using the definition ͑3.3͒ of the nonlinear gain coefficient G mn , we can express the saturation value of the Stokes field intensity, Ī sat , as
For a system operating well above threshold, I L / I thr ӷ 1, we obtain
͑3.9͒
Here, Ī sat ͑0͒ ϵ ␥⌫ /4 2 ␤ 0 I 0 is the saturation value of the Stokes field intensity in free space, and ␤ mn ϵ ␤ mn / ␤ 0 is the scaled value of the nonlinear coupling parameter ␤ mn to its free space value ␤ 0 . Again, we obtain that small cavity decay rates, corresponding to small group velocities near a photonic band edge, together with an enhancement of the gain parameter relative to the nonlinear coupling parameter, may lead to an enhanced stimulated Raman signal in photonic crystals.
B. Practical realization of SRS in a photonic crystal
We now illustrate how the formalism developed above could be employed to identify the optimal conditions for stimulated Raman scattering in photonic crystals. As an example, we consider a two-dimensional photonic crystal, consisting of a square lattice of dielectric cylinders in air. The lowest energy bands of the TM band structure for such a photonic crystal are presented in Fig. 2 , and the group velocity for these energy bands is presented in Fig. 3 .
Consider now that the Raman active material is uniformly distributed in the air fraction of this photonic crystal. Figures 4-6 present the scaled effective gain parameter ␣ mn for the case when the pump mode corresponds to the points in the band 4 ͑horizontal axis͒, and the Stokes mode varies to correspond to the points in the lowest three bands ͑vertical axis͒. We obtain the largest enhancement of the SRS gain for the case when the system is pumped near the M point in the fourth band and the Stokes mode corresponds to the X point in the second band ͑Fig. 5͒. A ͑lower͒ gain enhancement can be also obtained when the pump is at point M in the fourth band and the Stokes mode is at point ⌫ in the first band ͑Fig. 4͒. However, as we can see from Fig. 3 , the group velocity has a very low value only near the X point in the second band ͑as opposed to the ⌫ point in the first band, where it has a quite large value͒, thereby leading to very small decay rates for the Stokes field generated at this point. As a result, the lowest threshold for stimulated Raman scattering ͓Eq. ͑3.7͔͒ is obtained when the pump mode corresponds to the M point in the fourth band and the stimulated Raman signal corresponds to point X in the second band. The gain enhancement in this case can be explained by the fact that the field energy of both the pump mode and Stokes mode is concentrated in the air fraction of the photonic crystal, where we assume the Raman active atoms are infiltrated. This can be seen in Fig.  7 , where we present the electric field patterns for modes at the X point in the second band and at the M point in the fourth band.
Figures 8-10 present the scaled nonlinear coupling parameter ␤ mn for the same system and situations considered for Figs. 4-6, respectively. We obtain that the nonlinear coupling parameter has a similar behavior to that of the effective gain parameter. Although the gain and nonlinear coupling enhancement effects on the amplified Raman signal offset each other ͓see Eq. ͑3.9͔͒, significant enhancement of the Stokes signal relative to that in free space is possible as a result of the dramatic lowering of the decay rate due to very small values of the group velocity at the photonic band edge ͑in this case, X point in the second band͒. This clearly demonstrates that both a low SRS threshold and enhanced Raman signal are possible near a photonic band edge in a photonic crystal.
The existing capabilities to fabricate photonic crystals should enable the practical realization of SRS in these materials. Raman active material used for Stokes SRS experiments in photonic crystals have to be characterized by a vibrational transition frequency given by the frequency resonance condition ͑2.25͒. For a 2D photonic crystal such as that considered in the example above, the vibrational transition frequency is related to the lattice constant a of the photonic crystal through 21 Ϸ 0.14͑2c / a͒. Thus, for a lattice constant of 200 nm, the corresponding vibrational frequency should be of the order of 2.1 THz ͑which corresponds to a vibrational transition wavelength of 0.35 m͒. One Raman active material that has such vibrational transition characteristics is the Rhodamine 6G laser dye.
IV. CONCLUSION
We have investigated the stimulated Raman scattering by an atomic system embedded in a photonic crystal. Using a multiscale analysis, in which both the pump and Stokes pulses are approximated by an envelope function modulating a Bloch mode as a carrier wave, we have derived the semiclassical Maxwell-Bloch equations for the stimulated Raman scattering in photonic crystals. These equations are similar to those for stimulated Raman scattering in a uniform material, and contain effective parameters, calculated in terms of the Bloch modes of the linear, lossless photonic crystal. These parameters representing the group velocity, linear gain, and nonlinear coupling between the atomic system and the radiation field facilitate a direct investigation of the SRS characteristics in photonic crystals. We have shown that the spatial redistribution and enhancement of the field energy in the carrier modes in photonic crystals, together with small group velocities of the carrier waves near a photonic band edge, may lead to a dramatic lowering of the SRS threshold and to a strong enhancement of the Stokes field in photonic crystals.
In the present study we have investigated the stimulated Raman scattering at a photonic band edge in a pure photonic crystal, with no engineered defects. Another physical realization of stimulated Raman scattering in photonic crystals may employ an engineered localized defect mode acting as an optical cavity. In this case, a strong enhancement of the Raman scattering process is expected as a result of the strong enhancement of the optical field near the localized mode.
It will be of considerable interest to extend the semiclassical model presented here to a fully quantized model of SRS in photonic crystals. A quantum theory is necessary to investigate the SRS spectrum, as well as the coherence properties of the scattered Stokes field. It will also allow for the investigation of Raman amplification in a microcavity embedded in a photonic crystal. Enhanced cavity field and better coherence have already been predicted for a one-atom laser in a photonic band-gap microchip ͓8͔.
